(i I )

olmT v kT o v ,

( :)( dlnVve ) ]_ A )
“\14+—/ \—
+ v dlnT kT
where
Aeyy = 55 — M (C9)
2

Acif = oif ——d—“—i:'—”—- (C10)

2

The derivatives (3 In Yi/o In ;)T and (§ In Yi/d In T)y
in Equation (C7) are found by solving simultaneous linear
equations obtained by differentiating Equation (34) with

respect to v and T, respectively. Since the equations are

similar, we will write them only in the case of v, and they are

2 AyXy = — F{ (C11)
i
where
InY
xp =20 (C12)
dlno
and "
dlnw
F =Y 2 aﬂ,(——j—) (C13)
i dlno
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Influence of Schmidt Number on the
Fluctuations of Turbulent Mass Transfer

to a Wall

Measurements are presented on the influence of Schmidt number on the
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frequency of the mass transfer fluctuations at a solid boundary. The shape
of the spectral function is similar at all Schmidt numbers, A relation be-
tween the mass transfer fluctuations and the fuctuating velocity field can
be obtained only at high frequencies. A comparison of the scale and the
frequency of the mass transter fluctuations and the velocity fluctuations
suggests that the rate of mass transfer is controlled by convective motions
in the flow oriented eddies described by a number of previous investigators.
However, the concentration fluctuations caused by these convective motions
are greatly dampened close to the wall by molecular diffusion. Thus the
mass transfer fluctuations reflect only the scale and not the frequency of
the convective motions in the flow oriented eddies.

SCOPE

University of llinocis
Urbana, Hllinois 61801

When mass is exchanged between a turbulent fluid and
a solid boundary, the local rate of mass transfer varies
erratically with time. In two previous studies from this
laboratory (Van Shaw and Hanratty, 1964; Sirkar and
Hanratty, 1970), the fluctuations in the rate of mass trans-
fer to a pipe wall were measured in order to better under-
stand the role that the turbulent convective motions play
in the transfer process. It was found that mass transfer
fluctuations are of much lower frequency than velocity
fluctuations close to the wall and that the spatial extent
of the mass transfer fluctuations is much smaller in the
transverse direction than in the direction of flow.

In order to examine in greater detail how the concen-

Correspondence conceming this paper should be addressed to Thomas
J. Hanratty.
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tration boundary layer dampens concentration fluctuations
close to a wall, Shaw (1976) recently performed experi-
ments in which he measured the spectral function and the
spatial correlation functions characterizing the mass trans-
fer fluctuations. The results of his studies and their impli-
cations with respect to modeling turbulent mass transfer
to a solid boundary are presented in this paper.

Two general postulates proposed by Sirkar and Han-
ratty (1970) are used to relate the mass transfer fluctua-
tions to the velocity fluctuations. One of these is the as-
sumption that linear theory describes the high frequency
mass transfer fluctuations. The other is a pseudo steady
state assumption whereby the limiting behavior at low
frequencies is described by a steady state form of the
mass balance equation,
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CONCLUSIONS AND SIGNIFICANCE

The average frequency of the mass transfer fluctuations
at the wall is decreased with Schmidt number as Sc—0404
The spectral density function of the mass transfer fluctua-
tions Wy is similar at different Schmidt numbers in that
a plot of (Wy)/(k*2 Sc041) vs, nSc4! js not dependent on
Schmidt number.

Further support is obtained for the relation of the mass
transfer fluctuations to the velocity field developed by Sir-
kar and Hanratty for high frequencies, since it is found
that this relation correctly describes the influence of
Schmidt number, as well as of frequency, on W,.

The time scale of the mass transfer fluctuations is too
large for them to be associated with the temporal varia-
tion of the velocity field in the flow oriented wall eddies,
as previously suggested by Sirkar and Hanratty. This pre-

sents an apparent paradox in that the scales characteriz-
ing the mass transter fluctuations and the flow oriented
eddies are of similar magnitudes.

The picture of the mass transfer process suggested to
us from measurements is that the rate of mass transfer is
controlled by the convective motions in the flow oriented
eddies. Concentration fluctuations associated with these
convective motions are greatly dampened by molecular
diffusion close to the wall so that the scale but not the
frequency of the flow fluctuations in the wall eddies is
reflected in the mass transfer fluctuations. The mass trans-
fer fluctuations actually observed at the wall could then
be interpreted as due to the meandering of these flow
oriented eddies and not the actual turbulent motions con-
trolling the mass transfer process.

OUTLINE OF PREVIOUS WORK

All of the studies of mass transfer fluctuations at a wall
have used an electrochemical technique which involves
the measurement of the current to a wire embedded in,
but electrically insulated from, the wall of a pipe section
which is the cathode of an electrolysis cell. Van Shaw
(1963) and Sirkar (1969) used an aqueous electrolyte
system that involved the following redox reactions:

Fe(CN)g®~ + e~ = Fe(CN)g*™
Fe(CN)gt™ = Fe(CN)g®~ + e~

Shaw (1976) used an aqueous iodine electrolyte in addi-
tion to the ferricyanide electrolyte:

Is~ + 2¢~ — 31~
I = 137 + 2¢~

cathode

anode

cathode

anode

The cathode voltage was kept at a high enough value
that the reduction of the active ion was mass transfer
controlled. The current I flowing to the test electrode of
area A is then related to the mass transfer coeflicient by

I
K=v—— (1)
AFCbne

The solutions had a sufficient excess of neutral electrolyte
to insure that the mass transfer rate was not influenced
by electric field effects.

Van Shaw (1963) used a 2.54 cm diameter test section
that contained test electrodes with diameters of 0.0404
to 0.318 cm. There was some uncertainty in the interpre-
tation of his results because the scale of the mass transfer
fluctuations in a 2.54 cm pipe is so small that the flow over
a 0.0404 cm test electrode cannot be assumed uniform.
For this reason, Sirkar (1969) carried out the same experi-
ments in a 19.36 cm diameter pipe. He found that the
spatial averaging is eliminated when the diameter of the
electrode made dimensionless with respect to wall param-
eters 2a is less than 12. He showed that the intensity of
the mass transfer fuctuations (k%) *%/K at a Schmidt num-
ber of 2 300 had a value of 0.29 rather than the 0.48 that
Van Shaw estimated by extrapolating measurements from
electrodes of different size.

Shaw (1976) examined the influence of Schmidt num-
ber with the ferro-ferricyanide system by changing the
concentration of sodium hydroxide and for the iodine
system by adding sucrose. The experiments were carried
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out in a 254 cm diameter test section. The test elec-
trodes were much smaller than those used by Van Shaw
(1963) in order to insure that experiments were performed
under conditions where averaging was not occurring over
the electrode surface.

DESCRIPTION OF THE EXPERIMENTS

Flow System

The flow system and the experimental techniques used
in this recent study by Shaw are described in a previous
article (Shaw and Hanratty, 1976) in which results on
average mass transfer rates are presented. Consequently,
the discussion presented here is confined to aspects of the
experiments which are particularly related to the measure-
ment of the fluctuations in the mass transfer rates.

Test sections with lengths of 5.72 and 10.8 cm were
used. Both were made from a 2.54 cm I.D, brass pipe
that was platinum plated. After they were finished and
plated, the inside diameters of the sections were 2.64 cm.

The test electrodes were fitted to short entry and exit
sections of tubing. Great care was taken to insure that
there were no discontinuities in the cross section of the
pipe immediately upstream and downstream of the elec-
trode.

The 5.72 cm electrode was used to determine the effect
of wire size on the measured spectra. It contained eight
wires of various sizes located 4.45 cm from the upstream
edge and arranged around the circumference 10 deg apart.
There were two wires of each of the following diameters:
0.0127, 0.0211, 0.0404, and 0.0643 cm. The 10.8 cm
electrode, which contained twelve 0.0127 cm diameter
platinum wires, was used to measure the spectra and the
transverse correlations of the mass transfer coefficient. The
wires were placed 9.53 c¢m from the upstream edge of the
electrode and were arranged around the circumference
with center to center positions of 2, 4, 6, 8, 13, 18, 23,
28, 38, 48, and 58 deg. from the first electrode.

Electrical Equipment

The basic circuit used for mass transfer measurements
is shown in Fig. 1. An Analog Devices 180B operational
amplifier, modified for use with large currents, operated as
a current to voltage converter to measure the current to
the pipe section. Each of the circular wire electrodes had
its own circuit with an Analog Devices 118A operational
amplifier,

The potential applied to the cathode was determined
by the setting of the 1KQ helipot. The applied potential
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Fig. 1. Electronic circuit for mass transfer measurement,

at each wire was the same as the applied potential deter-
mined by the large electrode within £2 mV measured on
a digital voltmeter. Anodes upstream and downstream from
the cathode were connected to the amplifier ground and to
the building cold water line.

The signal from each wire electrode consisted of a time
averaged and a fluctuating voltage. Before the signal was
recorded on magnetic tape, the DC level was subtracted
and the fluctuations were amplified by an analogue circuit
described by Eckelman (1971). While the signal was
being recorded, the mean square of the signal was deter-
mined by squaring the signal and integrating with ana-
logue squaring circuits described in a thesis by Lee
(1972).

The frequency spectra were measured with a Saicor
SAI-52B digital spectrum analyzer/integrator., Since the
signal consisted of very low frequencies, it was conve-
nient to play back the recorded data at eight times the
speed it was recorded. This reduced the amount of time
needed to analyze the data.

The circumferential correlation coefficients were cal-
culated with an IBM 1800 computer. A detailed descrip-
tion of the method can be found in a thesis by Eckelman
(1971).

THEORY

Similarity Assumption
The spectral distribution function describing the mass
transfer Huctuations is defined as

Tc'z— ©
o2 =J; Wkdn (2)

kFZ =

where Wy and n have been made dimensionless using
wall parameters v* and ». From dimensional considera-
tions, the following relation can be written for a fully
developed concentration field:

Wy = f(n, Re, Sc). (3)

Since the mass transfer fluctuations are influenced by
velocity fluctuations close to the wall, it can be expected
that a law of the wall will hold, whereby

Wi = g(n, Sc) (4)

In this research we explored the similarity hypothesis
that

1%%
——— = h(nSc) (5)
k+2 SCp

This implies that there is an exponent p for which a plot
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of (Wy)/(k*28cP) vs. n Sc® will produce a single curve
independent of Schmidt number. The justidcation for this
type of relation can be obtained only from experimental
evidence to be presented later in the paper.

Mass Balance Equations

‘The concentration of the diffusing substance is repre-
sented as the sum of time averaged and fluctuating com-
ponents C = C + c¢. The mass balance equations for C
and ¢ for fully developed concentration and flow fields
can be written as

-3 1 & 4 —
U = ——r — — (v0) (6)
ox Sc ay® 9y
dc —dc 8C oC
— 4+ U—+v +u
ot ox oy dx
1 ( 8% 3% 9% )
= — - — +
Sc ox* oy? 922
0 d(wce
~ L ) =L oo =50y = 2 (7
0x 0z

where all concentrations have been made dimensionless
using the bulk concentration Cp and all lengths and ve-
locities using wall parameters v°® and v. Sirkar has shown
that for S¢ = 2 300, the derivative 8C/ax ~ 10~7. Con-
sequently, the terms U(3C)/(dx) and u(8C)/(dx) can
be neglected for large Schmidt numbers. In addition,
Sirkar argued that for large Schmidt numbers the concen-
tration boundary layer is thin enough that diffusion in the
x and z directions can be neglected compared to diffusion
in the y direction. The mass balance equations therefore
simplify to

1 &&C d —
0= — —— — — (ve) (8)
Sc dy* dy
dc . dc dcC 1 d% 9 (uc)
—_— —_— v _——
ot ax dy Sc ay? dx
d
~ 2 (e 2 ()
0z

Since a very thin concentration boundary layer is being
assumed, the velocity can be represented by expressions
for its limiting behavior close to a wall:

U= y (10)
u = s;{t,2,%)y (11)

1 08y sz
=-_ 2 2
b 2 ( ox t 9z ) y (12)
w = s:(t,z,%)Y (13)

The turbulent transport term vc can be represented by
using the concept of an eddy diffusion coefficient

—_ ac
— 0=t
ve= et —
where, from the recent work by Shaw and Hanratty
(1976), e = /v is given by
et == bym
with b = 0.000463 and m = 3.38,
Equations for the average concentration field and for the

mass transfer coefficient are obtained from (8) and (15)
using the boundary conditions

(14)

(15)
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C=laty=o (16)
(22)
C':-—-bl/msin(—)Sc " f:__._d.g__ (17)
o 1

'g;'f‘by"‘

()
Kt =Zpim sin(-"—)Sc (18)

w m

where K.T signifies the fully developed mass transfer co-
efficient made dimensionless with respect to the friction
velocity,

Solution for High Frequencies

We first explore the suggestion by Sirkar and Hanratty
that the high frequency concentration fluctuations are
given by a solution to a form of the mass balance equation
linear in the fluctuating quantities

— dc 1 @&
L AL L R (19)
ot ox dy  Sc 8y?

If the fluctuating concentration field has a wavelike be-
havior, then dc/8t = U, (dc)/(dx), where U, is the con-
vection velocity of the waves made dimensionless with re-
spect to the friction velocity. Recent measurements of the
fluctuating flow field close to a wall would suggest U, = 8
(Morrison et al., 1971). Van Shaw made a rough estimate
that for mass transfer fluctuations U, == 1, so there is some
uncertainty as to what to assume for U,. For very high
frequencies, the region over which molecular diffusion 8,
is important is small compared to the concentration bound-
ary layer 8 . Consequently, the solution to (19) for o —
o can be regarded as the composite of an outer solution
which ignores molecular diffusion with length scale 8%
and an inner solution with length scale 8, that includes its
effect. If the matching point is close enough to the solid
boundary that dC/dy may be taken as equal to its value
at the wall dC/dy|o = K. Sc, and that U, >> U, then
the solution for the mass flux at the wall presented by
Sirkar and Hanratty (1970) can be used.

The differential equation describing the concentration
field close to the wall is

d dC 1 42
Pro | = L% (20)
ot dy | o Sc ay?

The velocity field is represented by a function harmonic
in time

A .
v =0py?elot (21)
Since (20) is linear, its solution is given in the form
A
¢ =0 (y) et (22)

The substitution of (21) and (22) into (20) yields the

following relation for /1\2:

WD 1 %
y dy | o Sc dy?

(23)

This is to be solved from boundary conditions 2 = 0 at
y = 0. For large y, it is to be matched to the solution of

AIChE Journal (Vol. 23, No. 2)

ac+-[780+0d5_0 24
at ox  ay (24)
In the matching region, U (d¢)/(dx) is small compared
to dc/dt so that the solution there is given as

2
e | (25)
From the form of (23), it follows that the thickness of the
region characterizing the inner solution depends on w and
Sc in the following way:

82 ~ (wSc) ! (28)

From (26) it is clear that 8. becomes vanishingly small
compared to 8 ¢ for w — co.

Since (23) is linear, it follows that the spectral function
of the mass transfer fluctuations, defined by Equation (2),
can be derived from a solution to (23):

AA
We=kk?* 27)

where
A1 de
i

chy_

0

A
and k * is the complex conjugate of %It variables

are defined, (23) takes the form
~ o~ do
ic-+ y 2 = _?C_ (28)
dy?

withec = 0 at; =0and c — i?/’2 for large ; Since no
parameters appear in (28) or in the boundary conditions,

it follows that dc/ dg[o is independent of Sc¢ and therefore

that W, ~ WyK+2/8c w3, where Wy = 1/2\1//\” From the
solution of (28) presented by Sirkar, we find

4WyK+?2
Wy = — 7
Sc w?®

If (29) is put in the form of similarity variables de-
fined previously, then

(29)

Wy 4Wy

L2 Scp [ 1+p) ]3
S¢ 3 w

1t follows that for both (28) and the similarity hypothesis
to be correct at high frequencies

&

—— ~ Sc2p-D

(30)

| %

(31)

or that the intensity of the mass transfer fluctuations should
vary with Schmidt number unless p = %.

Low Frequency Solution

Sirkar (1969) has argued that for low frequencies the
fluctuating concentration field should be described by a
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Fig. 2. Fluctugtion of the turbulent mass transfer coefficient from
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Fig. 3. Effect of electrode size on the intensity of mass transfer
fluctuations,

pseudo steady state assumption, whereby the mass bal-
ance equations for the total concentration and the fluctuat-
ing concentration are given as follows for a flow field that
is approximately homogeneous in the flow direction:

aC 8C 1 &C

b —_ = 32
waz+vay Sc ay? (82)
and
dc 82 d — 0
__._1_.__0___.__(00—130)—— (wo) (33)
dy Sc oy? dy 3z

with boundary conditions
C = CB
C=c=0y=0

It is to be noted that the simplification of (17) to (33)
involves the neglect of the term 9(uc)/dx in addition to
the time derivatives. This is justified because the scale of
the turbulent fluctuating quantities in the direction of flow
is so large. The chief difficulty in solving (33) is the evalu-
ation of the terms which are nonlinear in the fluctuating
quantities, Sirkar did this by solving (32) for a fluctuating
velocity field which has a periodic variation in the z direc-
tion with wavelength equal to the scale of the streaky wall
structures observed close to a wall by a number of investi-
gators (see Lee et al, 1974). This approach now appears
incorrect because the frequency of the mass transfer fluc-
tuations is much smaller than the frequency of the velocity
fluctuations of the flow oriented wall eddies responsible
for the streaky structure.

Shaw (1976) has examined two alternate methods for
utilizing the pseudo steady state assumption. In one of
these, the nonlinear terms are neglected. In the other they

c=0y—>
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are approximated by the term d/dy (e + dc*/dy*),
where ¢* is the eddy diffusivity defined by (14). Both
methods predict

Wi

BT

~ Sc0225 (34)

for e* given by (15) with m = 3.38. It will be shown
later that the comparison of (34) with the Schmidt num-
ber dependency indicated by measurements is quite favor-
able. However, neither of the approaches used by Shaw
gives a proportionality constant in agreement with the
measurements. Consequently, the accuracy of the pseudo-
steady state approximation for small frequency mass trans-
fer fluctuation is still unknown.

RESULTS

Qualitative Features of Mass Transfer Fluctuations
at the Wall

Figure 2 displays signals from two 0.0127 cm electrodes
that were 0.0457 cm (a dimensionless distance of z =
18.1) apart on the circumference of the pipe. The period
associated with the mean frequency (1.87 Hz) calculated
from the spectrum of the mass transfer fluctuations is
shown along with the mean period of the velocity fluctua-
tions measured by Lee (1972) and the bursting frequency
reported by Klein et al. (1967) and Rao et al. (1971). It
is noted that the frequency of the mass transfer fluctua-
tions is an order of magnitude lower than that for the
velocity fluctuations,

Of particular interest is the lack of correlation between
the mass transfer rate at locations so close together on the
pipe wall. On some short time spans, the two traces in
Figure 2 can be superimposed on one another, but in other
time spans they are directly opposite each other. This
would indicate that variations approximately equal to the
average mass transfer rates occurred over a distance of the
order of 0.0457 cm. This lack of correlation between the
two signals is indicated by a measured value of the cor-
relation coefficient of 0.0015.

The association of such a small spatial scale with a tur-
bulence quantity having such a low frequency is, as noted
earlier, a surprising aspect of the mass transfer fluctuations
observed at a wall.

Influence of Electrode Size

A series of experiments was conducted with electrodes
of different sizes to determine how the measurements are
affected by nonuniform flow over the electrode surface.
Figure 3 shows the influence of the dimensionless electrode
diameter 2a on the intensity of the mass transfer fluctua-
tions. From the fall off of the intensity, it is concluded that
averaging is important for 2¢ > 10. This finding is con-
sistent with the circumferential correlation measurements,
which show that the first zero crossing occurs at z == 20,

Spectral measurements obtained with electrodes having
diameters of 0,0125, 0.0211, and 0.0643 cm are compared
in Figure 4. Here the spectral density function is normal-
ized with K, 72, and measurements for 2¢ = 8.81 and 2a =
19.2 are for an electrode with a diameter of 0.0125 cm. An
influence of electrode size is noted for 2a > 10. Figure 5
shows the same results with the spectral density function
normalized by k7% It is of interest that no significant in-
fluence of electrode size is observed when the measure-
ments are correlated in this way. This result is surprising,
since it suggests that the distribution of scales associated
with the mass transfer fluctuations is independent of fre-
quency.

AIChE Journal (Vol. 23, No. 2)



10 Tttt it T T
" o Yoo h
| + o+ 4++++++F .
+4
F a &AAAM *ﬁfﬂ -
N
10' © o % e, —
E D 4 2 E
- Qup & +0 .
L o ﬂfﬂ :1
©. to
?% .
K %gj_‘é
W, £
'TEE— |Ooﬁ:' o —
K - Symbol 24a Re %;% 3
o m 88l 34,500 Ra P b
e B
[+ 192 47,000 at?® ]
mg%
L A 367 47,000 %%,: e |
' o 8.4 47,000 2a B
|O—'4__ ?%ﬂm -
- . ]
Io-2 i L] III“I J;LJ[!LLLL . AIILLLI e Ry
1078 0™ 1073 1072 107

n
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Use of the Similarity Assumption to Correlate Spectral Data

Twenty five spectra were measured for eleven Schmidt
numbers ranging from 695 to 37 200. Figure 6 shows that
the measurements were very reproducible. As was ex-
pected from dimensional analysis, and from the arguments
presented in the theory section, the spectra are independ-
ent of Reynolds number when normalized with wall pa-
rameters, )
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AIChE Journal (Vol. 23, No. 2)

10 T

T Irll]l[ T l"l_rllll[—'l LR L L R
2 8% 1
- A m@%ﬁg‘% ]
B H |
2
O E %}é 3
| jiu ]
- @B -
B o ]
W, s - _
-!(Tz | Symbol  2a Re e i
@ 881 34,500 %
- . 19.2 47,000 & N
A 367 47,000 %
|
01 o 584 47,000 % -
L % _
- T .
%
- % —
jul
I(f [N AT R N EEIt AN
1075 04 1073 1072 10!

n

Fig. 5. Effect of electrodes size on the mass transfer spectra.

The Schmidt number has a strong effect on the fre-
quency of the mass transfer fluctuations. As shown in Fig-
ure 7, an increase in Schmidt number is associated with a
marked diminution in the frequency of the mass transfer
fluctuations. However, it has been found that the shapes
at different Schmidt numbers are the same. This is illus-
trated in Figure 8, where the spectra are plotted as sug-
gested by (5) using similarity parameter Sc®41,
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Fig. 7. Effect of Schmidt number on the mass transfer spectrum.
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The exponent on the Schmidt number used in this simi-
larity plot was determined by considering the influence of
Schmidt number on the mean frequency <n> and on the
limiting value of the spectral density function at low fre-
quencies W1. The mean frequency defined as

<n> = 1— f nWydn (35)
FFz Yo

was determined numerically for each of the measured
spectrum. The influence of Schmidt number on <n> is
shown in Figure 9, where the relation

<n> = 00215 Sc—040¢ (36)

was determined by a least-squares fit. Figure 10 shows the
influence of Schmidt number on Wy, The line through the
data

__‘ﬁ = 40 Sc0-414
z

(37)
is a least-squares fit. The exponent p = 0.41 in the simi-
larity plot was chosen as an average of the exponents ap-
pearing in (36) and (37).
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Fig. 10. The limit of the spectra for low frequency as a function of
Schmidt number.

Comparison of the High Frequency Spectral Measurements
with Linear Theory

Over the range of frequencies at which the mass transfer
fluctuations were observed, the spectral functions for the
velocity fluctuations close to a wall have been found to be
constant (Sirkar and Hanratty, 1970). Consequently, the
linear analysis proposed by Sirkar and Hanratty (1970)
would suggest that at high frequencies a plot of Wi/K*%
vs. n Sc3 should be independent of Schmidt number.
Figure 11 shows several of the spectra plotted in this
manner. Since the spectral density functions normalized
with K¥2 are greatly affected by electrode size, only
spectra for which 2a < 12 are considered.

It is to be noted that, as predicted by linear theory, the
spectra for different Schmidt numbers come together at
large frequencies when plotted in this manner. The line
drawn through the data points has a slope of —3 and
agrees with (29) if W, is taken as 9.8 X 10~3,

As shown by (30) and (31) in the theory section,
agreement of the spectra with the similarity hypothesis and
with linear theory for high frequencies requires that
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k2) Y
(&) ~ Sc@p~1) = §c—0.08

(38)

The above relation is compared with measurements of
the relative intensity in Figure 12 for 2a < 10. Unfortu-
nately, the measurements of the relative intensity were
rather scattered, so that it can only be said that this rela-
tion does not disagree with the measurements. The equa-
tion for the line shown in the figure is

72) Ya
(—k__)—— = 0.54 Sc—0.09 (39)
Correlation Measurements
The correlation coefficient, defined as
k k
R,, = _F0) k(@) (40)
=

for electrodes separated by a distance z in the lateral di-
rection, was measured at four Schmidt numbers using the
ferricyanide reaction. The results are presented in Figures
13 and 14. As indicated in Figure 13, the influence of
spatial distance on the correlation coeficient does not de-
pend on Schmidt number.

The mass transfer correlations are compared to velocity
correlations in Figure 13. Note that the first zero crossing
for the mass transfer comes at a z distance that is about
half of that for the velocity correlation, Also, the location
of the second zero crossing agrees approximately with that
measured for the velocity correlation.

Figure 14 compares the variation of the correlation co-
efficient of the mass transfer fluctuations in the transverse
direction measured in this research with the variation in
axial direction determined by Van Shaw (1963). These
results indicate that the structure of the fluctuating mass
transfer field is very elongated in the direction of flow, as

had been noted earlier by Van Shaw.

DISCUSSION AND INTERPRETATION

As outlined earlier, the goals of this research have been
to determine the influence of Schmidt number on the mass
transfer fluctuations, to relate these mass transfer fluctu-
ations in the velocity field close to the surface, and to
provide further insight as to how turbulent convective
motions close to a surface control the mass transfer rate.

The Influence of Schmidt Number on the Mass
Transfer Fluctuations

The influence of Schmidt number on the frequency of
the mass transfer fluctuations is well represented by the
similarity assumption that spectral functions measured at
different Schmidt numbers fall on a single curve if plotted
as Wi/k¥Z (Sc)%4 vs, n Sc®41, This implies that the mean
frequency <n>> decreases as Sc~%%! in agreement with the
measurements, Equation (36),
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Relation of the Mass Transfer Fluctuation to the
Velocity Fluctuations

In trying to relate the mass transfer fluctuations to the
velocity field, we have used the approach of Sirkar and
Hanratty to seek asymptotic solutions valid for high and
low frequencies. We find that the assumption that the
high frequency fluctuations can be related to the velocity
field by a solution of a linear form of the mass balance
equation has considerable merit. We also find that the
use of a pseudo steady state assumption to describe the
asymptotic behavior of the spectral function requires an
accurate evaluation of the nonlinear convective terms.
Such an approach will probably require the incorporation
of observations regarding the spatial structure of the
turbulent concentration field. The correlation measure-
ments show that the transverse scale of the mass transfer
fluctuations is one-half to one times the transverse scale
of the velocity fluctuations close to the wall. This suggests
that the structure of the mass transfer field is dictated by
the flow oriented eddies close to the wall. Yet, as shown in
Figure 2, the period of the mass transfer fluctuations is an
order of magnitude smaller than the period of these eddies.
Furthermore, linear analysis shows that concentration fluc-
tuations with frequencies of the order of the dominant
velocity fluctuations would be highly damped in a region
very close to the wall. This presents a paradox which is
as yet unresolved.

One possible interpretation of these results is that the
mass transfer fluctuations observed at the wall reflect the
meandering of the flow oriented eddies described by a
number ‘of previous researchers. These fow oriented
eddies are greatly elongated axially and on an average
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have locations of maximum normal flow to the wall sepa-
rated by a distance A/2 in the lateral direction. These loca-
tions of maximum inflow or outflow would be where the
turbulent transport is the greatest. Consequently, this in-
terpretation would suggest that the lateral wavelength
characterizing the spatial variation of the mass transfer
rate would be one-half the lateral wavelength of the flow
oriented eddies. This seems consistent with the measure-
ments of the first zero crossing of the correlation coefficient,

Fina! Remarks Regarding the Mechanism of Mass Tronsfer

The picture of the mass transfer process which this
tentative interpretation suggests is that the rate of mass
transfer is controlled by convective motions in the flow ori-
ented eddies. Molecular diffusion close to the surface
greatly dampens the concentration fluctuations associated
with these convective motions, so that the mass transfer
fluctuations observed in the studies reported in this paper
are not directly related to the Reynolds transport terms
responsible for the turbulent convection of mass to the
wall,
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NOTATION

= area of the electrode

= Radius of the electrode normalized with »/v°

= constant defined by Equation (44)

= constant defined by Equation (15)

= local concentration ot the diftusing species nor-
malized with Cp

= time averaged value of C

= fluctuation in the concentration normalized with
Cs

= amplitude of the concentration fluctuations nor-
malized with Cp

°Q Qspsn

oS>

A
c?Sc

o
1l

ct+

o>

o
o
I

vKF
= bulk concentration of the diffusing species
== diffusion coeficient, cm?2 s—1
= Faraday’s constant
= electric current flowing in the electrolysis cell
= mass transfer coefficient = N/Cp
time averaged mass transfer coefficient
K/v*
= fluctuation in the mass transfer coefficient
= k/v*
= fully developed mass transfer coefficient
= rate of mass transfer per unit area, mole s~! cm~2
= frequency normalized with v*2/»

Q
w

+

8

s ZNW‘?F?E'NIN"""!U
i

02
<n> = mean in frequencv normalized with

1

psm— f an dn

)

ne = number of electrons involved in the electrochemi-
cal reaction

v
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Re = Reynolds number

§ = time averaged velocity gradient at the wall

S¢ = Schmidt number = »/D

s, = x component of the fluctuating velocity gradient
at the wall normalized with v*2/»

s, =z component of the fluctuating velocity gradient
at the wall normalized with v*2/»

t = time normalized with »/v*2

U = velocity in the x direction normalized with v®

U = time averaged value of U

u = x component of the fluctuating velocity normalized
with 0* '

U. = convection velocity normalized with v*

v = y component of the fluctuating velocity nor-
malized with v*®

3 = amplitude function defined by Equation (21)

v* = friction velocity = (s8)%

w = transverse component of the fluctuating velocity
normalized with v*

Wy = spectral density function for k normalized with »

W, = spectral density function for 3 normalized with
wall parameters, v* and »

W; = limiting value of Wy forn = 0

x = coordinate in the direction of mean flow nor-
malized with »/v®

y = coordinate in the direction perpendicular to the
wall normalized with v/0*

y = y(wSc)"

yt* = yScK+

y* = bi/n Sctiny

z = coordinate transverse to the direction of mean flow

normalized with »/v*

Greek Letters

8: = thickness of the boundary layer for ¢ normalized
with »/v*®

8 = thickness of the boundary layer for C normalized
with v/v*®

= eddy viscosity cm? s~!
= eddy viscosity normalized with »
v = kinematic viscosity
= circular frequency = 2mn
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A Compartmental Dispersion Model for the
Analysis of Mixing in Tube Networks

A compartmental dispersion model of longitudinal mixing in tube net-
works has been developed. The ability of this model to predict the impulse
response of helium, benzene vapor, and sulfur hexafluoride tracer gases in
two and in five generation symmetric network models of the large airway
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system of the lung has been tested over an air flow range of 1 to 400 ml/s.

The resulis imply that velocity profile distortion and secondary flows
in branching regions have only a small effect upon the overall longitudinal
mixing when flow is directed toward the higher-order generations. On the
other hand, accurate prediction of the data requires adequate treatment of
the finite rate of evolution of the Taylor dispersion occurring in these tube

networks.

SCOPE

The tracer dispersion technique applied to both the
cardiovascular and pulmonary systems has become an ac-
cepted, if not routine, method of diagnosis and function
testing. In the lungs especially, where there are several
reliable models of the flow network geometry (see, for ex-
ample, Weibel, 1963; Horsfield and Cumming, 1968q), it
should be nossible to predict the tracer dispersion from
first principles. Or, what is the more relevant biomedical
probiem, given a set of tracer dispersion data, it might
be possible to recognize the nature of deviations in the
system geometry from an established norm.

The objective of this study was to develop an approxi-
mate method of predicting tracer dispersion for laminar
flow through a tube network of known geometry. Though
attention was focused wupon symmetrically branched
models of the pulmonary airway system, the methods can
be extended to other tube networks as well,

Although a wealth of pulmonary dispersion data ob-
tained from human subiects exists, its interpretation has
Ied to inconsistent conclusions among the various investi-
gators. For example, following a 60 ml inspiration of a
helium-oxvgen mixture, Briscoe et al. (1954) found de-
tectable levels of helium in the gas sampled between 750
and 1250 ml expired. These investigators concluded that

Correspondence concerning this paper should be addressed to James
S. Ultman.
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the convective displacement of the helium in a parabolic
front must be responsible for its unexpectedly high pene-
tration. Power (1969) repeated the same experiment using
a mixture of hydrogen and sulfur hexafluoride in air and
concluded that molecular diffusion was of primary im-
portance since the helium consistently penetrated deeper
than the sulfur hexafluoride.

The principal source of confusion in these studies stems
from an oversimplified analysis of the data. In particular,
we feel that in analyzing pulmonary airway transport, one
must allow for significant contributions from several simul-
taneous mixing modes. Wilson and Lin (1970) made this
point by estimating the relative importance of various
tubular mixing mechanisms in Weibel’s (1963) symmetric
model of lung geometry; in this model, the pulmonary
tree is comprised of a set of twenty-three generations of
bifurcating tubes originating at the trachea. Wilson and
Lin’s computations indicate that transport by pure con-
vection is most important in the upper eight pulmonary
airway generations, Taylor dispersion becomes significant
in the following four generations, while axial diffusion
is an important factor in the last eleven generations. Thus,
in developing an algorithm for predicting tracer disper-
sion in the lungs, we have attempted to simultaneously
account for gas transport by convection, axial dispersion,
and axial diffusion.
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